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A Few Words About Graph Spectral Analysis
 Spectral graph analysis (GSA for short) [1] is a method used 

to cluster objects when a method is available for determining 
the degree of affi  nity for all pairs of objects.  It proved to be a 
very effi  cient method, but it missed the capability to explain the 
clustering results. This paper presents our contribution to the 
fi eld of explainable artifi cial intelligence when GSA is applied 
to collections of textual documents. The major strength of our 
methodology consists of explanations from fi rst principles, 
contrary to other approaches that describe cluster contents rather 
than saying why the documents are brought together.   GSA was 
originally developed as a method for approximating cuts in graphs, 
but was later extended to arbitrary sets of objects. These objects 
form the vertices of a graph whose edges represent the affi  nity 
between pairs of objects. The absence of an edge between a pair 
of nodes indicates a lack of affi  nity between the corresponding 
objects. Although GSA is more involved compared to typical 
clustering methods, it is more effi  cient when faced with unknown, 
non-linear structures. An example here could be text documents, 
where similarity is calculated as cosine similarity in a certain 
embedding, such as a term vector space (denoted TVS), word2vec, 
GloVe, BERT, or other embeddings [2].

The clustering is performed as follows: Let S  be a similarity matrix 
between the objects (with diagonal set to 0), and D  be a diagonal 
matrix with the diagonal elements being sums of corresponding 
rows of S . One derives some Laplacian of S , e.g. combinatorial 
Laplacian =L D S , normalized  Laplacian 1/2 1/2= D LD  , or some 
other. Then one performs eigendecomposition of this Laplacian 
and uses eigenvectors associated with the k  lowest eigenvalues as 
an embedding of the objects , where k  is the envisaged number 
of clusters. . Then one performs k -means clustering in this 
embedding. The advantage is as follows: clustering of documents 
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in TVS would mean clustering in a multi-
thousand-dimensional space, while clustering 
in   the space spanned by these eigenvectors 
requires only k  dimensions.  

Explainability - A Grievient Pro-
blem of GSA

 Although this methodology has proven to 
be quite eff ective, it has drawbacks typical of 
many artifi cial intelligence algorithms: the 
result of a clustering is hard to explain, since 
the embedding in the space of eigenvectors of 
Laplacians has nothing to do with the content 
of, for example, the documents being clustered.

Many explanation methodologies rely on 
applying a classifi cation algorithm based on 
attributes of the original objects (e.g. ID3, C4.5, 
CART). In our opinion, this does not apply to 
document collections. After all, it is unnatural for 
them for at least two reasons: (1) too few words 
would be taken into account, (2) a statement that 
something belongs to a cluster because it does 
not contain a word is a poor argument. Besides, 
in text clustering, the set of most signifi cant 
words is used as a cluster description, not word 
presence. Last but not least, such an approach is 
a descriptive one and does not state the reason 
why a document belongs to a cluster. 

Our Solution  
Therefore, we have chosen a diff erent pathway. 
Recall that if one clusters texts in TVS via k
-means, then one would obtain the causal 
explanation of the clusters as follows: Compute 
the cluster center vector in TVS from the 
documents belonging to that cluster. So each 
term is assigned a value, being the coordinate 
of this vector in TVS. Take the top n he highest 
coordinates values. This is the causal description 
of the cluster. Now we apply the following trick: 
We would get in this way cluster descriptions of 
clusters obtained via any lustering algorithm if 
we could prove that this alternative algorithm 

delivers the same clusters as the k -means in 
TVS would do. This is what we actually apply 
to get explainable GSA clustering [3]. We 
have created a two-stage proof for such an 
equivalence. We invented a kernel matrix K  
which has the property that clustering in the 
space of its eigenvectors is exactly equivalent 
to clustering via k -means in TVS on the 
one hand, and approximately equivalent to 
combinatorial Laplacian-based GSA clustering. 
Let A  be a matrix of the form: = ,TA I S 11  where 
I the identity matrix, and 1  is the (column) 
vector consisting of ones, both of appropriate 
dimensions. The matrix A  is nonnegative 
and has a diagonal equal to zero, so it may 
be considered as a kind of (squared) pseudo-
distance, needed by the Gower embedding 
method [4]. Let K  be a doubly centered matrix of 
order n  defi ned as follows 1 1 1= ( ) ( )

2
T TK I A I

n n
  11 11

.  Now, from the conceptual point of view, we can 
cluster the data, each time using k -means, in 
the TVS space, obtaining a clustering TVS  , or in 
the space spanned by eigenvectors of K  matrix 
obtaining a clustering K  , or in the GSA space 
obtaining a clustering GSA , each time of course 
using the proper representation. As we have 
proven, the clusterings of documents TVS , K  
and GSA  are (nearly) identical. This serves as a 
bridge to the following procedure: group the text 
data using GSA, obtaining GSA , and determine 
cluster membership explanation using TVS, by 
assuming that =GSA TVS  . Clustering in GSA is 
much simpler than in TVS, as the dimensionality 
is orders of magnitude lower. If we take for 
granted that =GSA TVS  , then for each cluster 
in TVS  we can determine its cluster center by 
just computing the document embedding vector 
means of cluster members, which is much easier 
than clustering. With the computed cluster 
centers, the explanation methodology of TVS is 
applicable straightforwardly. We have extended 
this approach by creating an appropriate kernel 
atrix bridging conceptually clustering based on 
the normalized Laplacian and explanation via 
weighted cluster in TVS.
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If the documents, however, are embedded 
not in TVS, but rather in word2vec, GloVe [5] 
or BERT [6] like space, we need a modifi cation 
of this approach, replacing the simplistic 
identifi cation of most important terms via 
decreasing sorting the cluster center vector by 
computing scalar products of the cluster center 
vector and individual term embedding vectors 
and sorting these products. The remaining 
procedure turns out to be the same as above. 
Hereby, we had to handle the issue of negative 
similarities between documents. Our approach 
was a geometrical one [7].

 In summary, with our proposals, the 
application of GSA can be extended to 
domains where it was rejected due to missing 
explainability and issues regarding negativity 
of document similarity. Some issues remain 
unresolved, in particular GSA, due to the usage of 
a squared similarity matrix, is highly memory-
consuming when the document collections are 
high (hundreds of thousands of documents 
or more). There exist eff orts to overcome this 
limitation, but they constitute new challenges 
to explainability with which we intend to deal in 
the future research.
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