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REVIEW ARTICLE

Optical Properties of Excitons in CdSe 
Nanoplatelets
Czajkowski G*

Technical University of Bydgoszcz, Al. Prof. S. Kaliskiego 7, 85-789 Bydgoszcz, Poland

Abstract
We show how to calculate the linear and nonlinear optical functions 

of CdSe nanoplatelets, taking into account the effect of a dielectric 
confi nement on excitonic states. We consider both stationary and non-
stationary excitation regime. We obtain obtain analytical expressions 
for the absorption coeffi  cient, the exciton resonance energy and binding 
energy of nanoplatelets. The impact of plate geometry (thickness, 
lateral dimension) on the spectrum is discussed. In the nonlinear case 
we analyze the impact of temperature. For the short-pulse excitation 
the time dependence of the spectra is considered. The results are 
compared with the available experimental data.
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Introduction
The quantum size effects in semiconductor nanocrystals, fi rst 

pointed out in 1981 [1] have unlocked plethora of research topics 
for semiconductor nanosystems  [2]. The synthesise of nearly 
monodispersive semiconductor nanocrystallites, such as cadmium 
selenide (CdSe) [3,4] opened the way to producing nanosystems 
of various dimensions. Here we consider nanoplatelets (NPLs), 
which are cuboid shaped quantum dots where electrons and holes 
are confi ned in three dimensions, of a large lateral size but of 
only a few molecular layers of thickness. The carriers, electrons 
and holes, are strongly confi ned in the growth (z-) direction, 
and weakly confi ned in the plane. In the mostly considered CdSe 
NPL’s the vertical confi nement is of electrostatic origin and is 
caused by a large dielectric mismatch between the semiconductor 
(here CdSe) and its environment. The lateral confi nement can be 
treated similar as in QWs, as a results of impenetrable barrier. 
Similar as in traditional QDots and QWs, electrons and holes 
interact by a screened Coulomb potential. The bound electron-
hole pairs created by a propagating electromagnetic wave are 
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named excitons and they determine the optical 
properties of the medium. Cadmium selenide 
NPLs, fi rst fabricated in 2006 [5] have become 
important examples of a two-dimensional 
colloidal nanosystem, with large exciton 
binding energy, strong quantum confi nement 
and huge oscillator strength, which allows for 
a high tunability of their optical properties [5]; 
they exhibit strong and narrow emission lines 
at both cryogenic and room temperatures. [6] 
The combined action of very small dimension 
in the z- direction (few monolayers), strong 
confi nement potential, and Coulomb interaction 
leads to exciton binding energy reaching 
hundreds of meV (the bulk binding energy is only 
15 meV); it is remarkable quality of CdSe NPLs, 
which strongly affects their optical properties. 
Recently several groups have measured the 
exciton binding energy of CdSe NPLs [6–8]. 
But the sole knowledge of excitonic binding 
energy is not suffi cient to describe, interpret 
and explain the observed optical spectra. Beside 
of the huge binding energy, the are also another 
interesting effects. For example, Achtstein et 
al. [9] measured the population dynamics of 
excited state emission from p-states in CdSe 
NPLs. They also measured the temperature 
dependence of the emission dynamics. Similar 
phenomena have been recently analyzed in 
Cu2O crystals for the even series of Rydberg 
excitons [10].

The recent growth o interest in such systems 
encourages us to present a method, which 
gives a simple analytical expression for optical 
functions, taking into account confi nement and 
dielectric potentials and any excitonic states,

A majority of authors, describing 
theoretically the optical properties of excitons 
in NPLs, are using perturbation calculus, 
where unperturbed eigenfunctions, describing 
the carriers motion in the z-direction, are the 
(fi nite or infi nite) 1-dimensional quantum 
well functions. The binding energy is then 
calculated with Coulomb e-h interaction 

potential considered as perturbation [11,12]. 
A numerical attempt to calculate electronic 
properties of CdSe NPLs spectra has also been 
taken by Benchamekh et al. [6] who applied an 
advanced tight-binding model. In the present 
work we propose a different confi nement 
potential, resulting directly from the dielectric 
confi nement. This potential allows for an 
analytical solution of the Schrödinger equation 
for electron and hole, describing their motion 
in the z-(confi nement) direction. We obtain 
both eigenfunctions and eigenvalues. Adding 
the solution of the Schrödinger  equation for 
in plane relative motion we can estimate the 
total binding energy. Moreover, we present the 
theoretical method which allows one to calculate 
optical properties (i.e., positions of resonances 
and absorption spectra) of NPLs depending on 
numbers of monolayers (i.e. thickness of NPLs) 
and the lateral extension. In calculations we 
have used the so-called real density matrix 
approach (RDMA), which allows one to obtain 
analytical expressions for the susceptibility. 
The method has been used extensively in bulk 
semiconductor materials, and has been also 
applied to various types of nanostructures, to 
compute linear and nonlinear optical properties 
(see, for example, Refs.[13–15]).

The fi rst attempt to apply RDMA in the case 
of CdSe NPLs is given in Ref. [16]. We extend the 
approach from Ref.[16], adding results on the 
exciton states size dependence, and nonlinear 
effects, such as exciton population decay, and 
temperature dependence of the spectra. 

The paper is organized as follows. In Sec. 2 we 
recall the basic equations of the used approach 
(RDMA). In Sec. 3 we present an approximation, 
which enables analytic calculations. The results 
obtained by the method are presented in 
Sections 4 and 5, containing excitonic resonance 
energies, binding energies, and absorption 
spectra for NPLs with different sizes, including 
the time- and temperature dependence of the 
absorption spectra. The last section presents 
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the concluding remarks. Appendix contains the 
details of analytical calculations.

Theory
We consider a CdSe nanoplatelet 

of cuboid shape, located at the z = 0 
plane, and with the barriers located at 

= / 2, = / 2, = / 2x y zx L y L z L   . We consider 

the response of the NPL to a normally incident 
electromagnetic wave, linearly polarized in the 
x -direction

0 0 0( , ) = ( )exp( ), = .i iz t t ik z i t k
c
E E

   
(1)

Since we will consider both stationary, and 
non-stationary excitation, the amplitude Ei0(t) 
is assumed in the form  

       0 0 , expiz t t F t ik z it E E      (2)

where F(t) describes the pulse shape in the case 
of non-stationary excitation. For a stationary 
excitation we put F(t) = 1.

where F(t) describes the pulse shape in the case 
of nonstationary excitation. For a stationary 
excitation  F = 1. The calculations of the optical 
response in the framework of RDMA is based 
on the solution of the so-called constitutive 
equations for two-point correlation functions 
Y(xe,xh), (inter-band transition amplitude, also 
called exciton amplitude), and C(xe,xh), D(xe,xh), 
(intra-band transitions), where xe;xh are the 
electron and hole coordinates. The derivation and 
the explicite form of the constitutive equations 
can be found in Ref. [13]. The constitutive 
equations must be solved simultaneously with 
the Maxwell fi eld equations

2 2 2
00   ,  b t tEc       E P     (3)

where P is the polarization, and ε1 the NPL 
material dielectric constant. When the effects 
of confi nement are considered, one makes use 
of the appropriate boundary conditions for E,Y,C 
and D.

In the weak excitation fi eld limit and for the 
linear case, where we put C = D = 0 on the right-
hand side, we obtain equations for the intraband 
transition amplitudes 12

bY   of the electron-hole 
pair of coordinates x1 = xh and x2 = xe between any 
pair of bands α and b have the form

12 12  )(   b b
t b eh b bi Y H Y 

      M E─    (4)

where = / ,b b
b

 
    is the exciton life 

time [10], and = 0.6582meV ps  the Planck 
constant.

The two-band Hamiltonian Hehαb with energy 
gap Egαb for any pair of bands reads 

 
       

2

2
   

1 / 2

1/ 2 1,2 1 2 ,
eh b g b h

b eb eh h e

H E m

m V V V
   

 

 



p

p   
(5)

with electron and hole kinetic energy operators, 
mα and mb being the band effective masses, 
Veh describes the electron-hole attraction and 
Ve,Vh denote the confi nement potentials of the 
electron and the hole, respectively. The total 
polarization of the medium is related to the 
excitonic amplitudes by

     3
12

, , ,

2   , ,b
b

a

Re d Y 


  

  P X M x X x
   

 (6)

where x = xe − xh is the relative coordinate, 
and X the electron-hole pair center-of-mass 
coordinate, and the summation includes all 
allowed excitonic transitions between the 
valence and conduction bands.

For CdSe based NPLs we have to consider 
both heavy(H) and light(L) hole excitons. For 
the optical transitions between (α = H,L) valence 
bands and the conduction band (b = C) we get 
two constitutive equations for the excitonic 
amplitudes 

12 = ( , )C
e hY Y x x



= ( ) ( ),t ehHi Y i Y H Y M x E X            (7)

where Mα(x) are transition dipole densities. The 
operators Hehα have the form 
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2 2

= (1) (2)
2 2

hz ez
ehH g

hz ez

p pH E V V
m m 



   
   

(8)

2 22 2

( , ),
2 2 2 2

e hX Y
eh e h

p pP P V z z
M M

 

   


 

     
   

where Veh(ze − zh,ρ) is the screened Coulomb 
interaction 

2

2 2
0 1

( , ) = ,
4 ( )

eh e h

e h

eV z z
z z


 




  
    (9)

ESLf

are the reduced in plane effective masses for 
electron-hole pair, and ρe,h are two-dimensional 
vectors in the x − y x y  plane,  , , ,= ( , ),e h e h e hx y

2 2 2 2= ( ) = ( ) ( ) .e h e h e hx x y y            (10)

We have separated the center-of-mass 
coordinate X and the related momenta Px,Py 
from the relative coordinates ρe,h on the plane 
(x,y) and the related momenta ,

e h
p p  .

= h eM m m    

is the total in-plane exciton mass, ρe − ρh  is 
the relative electron-hole coordinate in the 
x − y plane. Using Hamiltonian (8), with the 
harmonic time dependence  exp(−iωt) we 
obtain the constitutive equations in the form 

( ) ( , , , )eh e h e hH i Y z z         (11)

= ( , , ) ( , ).e hM z z E X Z  

Note that the above equation refers to a 
6-dimensional space. In spite of the symmetry 
differences between the confi nement potentials 
and the Coulomb potential, an analytic 
solution of Eq. (11) not exists. Therefore 
several approximations have been used. One 
of them is to seek the solution as a product of 
eigenfunctions of one-dimensional infi nite-
deep confi nement potential,

 
,

, 2= sin ,
c v

c v i
i

i i

nx
L L


 
 
      

(12)

where , = , , ,c v
i e e e hx x y z z .

The functions (12) are then used within the 
framework of perturbation theory [11,12]. In 
the next section we show how, with certain 
simplifying assumptions, the dimensionality 
of the problem can be reduced from 6 to 3, 
enabling to obtain analytical solution of the 
linear inter-band equation (11) with respective 
exciton resonance energies. 

Approximate solution of the 
linear constitutive equat ion

 To reduce the dimensionality of our problem, 
following simplifi cations are assumed.  

1.  Since, in the case of CdSe, the effective 
mass of the hole is much larger than that 
of the electron, we neglect the effects of 
the lateral motion of the hole, considered 
it as located in the center of the NPL. 
Similar assumptions were made in the 
past in the case of Quantum Dots [17], and 
Quantum Disks [16,18].

2.  We assume, that the optical properties 
of a rectangular NPL can be described by 
a motion of the electron in a cylindrical 
disk with the radius

= .x y
eff

L L
r




     (13)

3.  The confi nement potential for the motion 
of the electron in x − y plane is given by 
expression  

0 ,
( ) =

> .
e

e e
e

for R
V

for R







    (14)

where we put R = reff . For the further calculations 
we will need the eigenfunctions and eigenvalues 
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of a two-dimensional Schrödinger equation  

2 2

0 1

( ) ( ) = ( ),
2 4 e e e

e e

p e V E
m

    
 

 
  
 
 

 


  
(15)

satisfying the boundary condition ψ(reff ) = 0. 
The electron inside the disk is subject to two 
competing forces: the repulsive (confi nement) 
force, connected with a positive energy, and 
the attractive Coulomb force (attraction by the 
hole), related to a negative energy. Therefore 
the eigen-energy Ejm, being the sum of the 
mentioned contributions, can be positive, 
negative, or zero. For the negative energies, we 
have [18]  

| | /2( , ) = m
jm C e     

    (16)

1 ,2 | | 1; ,
2 2

imeM m m


 


     
 

where j and m are the principal and magnetic 
quantum numbers of the excitonic state, 
M(a,b,z) is the confl uent hypergeometric 
function (notation by Ref. [19]),   = ρe, 

* *0

1

2= , = , = ,e B
mk a a

k
  



2 *2
2

2
= 4 = 4 / ,e

e

m
k a E 






Where m0 is the free electron mass, and 

* = 0.0529Ba nm

the hydrogen Rydberg radius. The quantities 
k, ρ, and ξ are dimensionless (defi ned in the 
parameters related to the electron). The 
eigenfunction, due to the no escape boundary 
condition (14), satisfi es the equation 

*( , ) = 0, = ,eff
jm eff eff

e

r
k

a
   


   (17)

giving the eigenenergies Ejm, m = 0,1,…, j = 0,1,… 
(75). In the case of positive energy, the electron 

eigenfunction has the form  
/2 | |( , )) = i m

jm Ce    

1| | , 2 | | 1; ,
2

M m i m i      
 

    (18)

with a normalization constant C. The eigenenergy 
can be calculated from the condition  

( ) = 0.jmRe       (19)

The positive eigenenergies are then given by

*
2

1= .eR
        (20)

4.  The movement of electrons and the 
holes in the z direction is affected by the 
dielectric confi nement potential, which 
we take in the form  

,
, ( ) = .

( / 2)
e h

e hV z
L z



      (21)

The coeffi cient γ is proportional to dielectric 
coeffi cients [20,21] 

1 2

1 1 2

,
( )

 



 
  

where ε2 and ε1 are the dielectric constants of 
external and internal media, respectively, and 

2 1<<  . Using the potential (21), we solve the 
Schrödinger equation  

* *2 2

, ,2 ( ) ( )
2 ( / 2)

z z
e h e hN

z

R ad z z
m dz L z

  




,= ( ),z e hE z       (22)

where mz denotes the effective mass of the 
considered quasi particle (electron or hole) in 
the z-direction, * *,z zR a  are the corresponding 
effective Rydberg energies, and Bohr radii 
defi ned as 
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4
,*

, 2 2
0 1

=
2(4 )

e hz
e hz

m e
R

                  
 (23)

, *
2

0 1

1= ,e hz
B

m
R

m
 
 
 

2
* *0 1 0
, 2

, ,

(4 )= = ,e hz b B
e hz e hz

ma a
m e m
  

  
 

       (24)

where * = 13600BR  meV is the hydrogen Rydberg 
energy. The eigenfunctions and eigenvalues 
have the form [16]  

 /2( ) = 1 ,2; ,uu Cu e M u      (25)

with the normalization constant C. The 
following notation is used 

* *= , = ,
2 z z

L d zd
a a

 

*
2= , = , = .E k u ik

R
 


               (26)

The eigenvalues follow from the condition

ψ(− ikd) = 0 and, in the lowest approximation, 
have the form

, ,
, 2

,

6 [1 ( / 2)]
= ,e h e h

e hz
e hz

d
E

m L
 

                (27)

with β  *2 * 2= = 38 ,B Ba R nm meV       (28)

where [L] = nm.

Using the above defi ned eigenfunctions, we 
defi ne Y(ρe,ze,zh) as a series  

0= ( ) ( ) ( ),jm jm e e e h h
jm

Y Y z z   
                    

 (29)

with certain coeffi cients Y0jm. We restricted 
the consideration to the lowest confi nement 
functions in the z direction. We substitute the 
expansion into Eq. (11), which is transformed 
to the form

= ,Y ME VY     (30)

where  
2 2

= ( )
2 2

ez hz
g g e e

ez hz

p pE E V z
m m 

      (31)

2 2

1

( ) ( ) ,
2 4

e
h h e e

e e

p eV z V i
m 

 
     






and 2 2

2 2
1 1

= .
4 4 ( )e e e h

e eV
z z   

 
          (32)

Eq. (30) can be solved by means of a Green's 
function appropriate to the l.h.s. operator in 
(30), satisfying the equation  

2 2

{ ( ) ( )
2 2

ez hz
g e e h h

ez hz

p pE i V z V z
m m

      

2 2

0 1

} ( , , , , , , , )
2 4 e e h h

e

p e G z w z w
m

   
 

 
 



(= ( ) ( ) ( ).
2 e e h hz w z w       



    (33)

Making use of scaled variables ( em  scaled in 

0m ) 

* *0
*= , = ,e

e b B
e e

ma a
a m


 
  
 


 

we obtain the Green function in the form 

1= ( ) ( ) ( ) ( )
2 e e e e h h h hG z w w z   


*
2

,

1 ( ) ( ),jm jm
j m jmk

        (34)

where  

 2
2

2
= .e

jm g conf jm

m
k E i E E    


     (35)

The quantities Econf result from Eq. (27)  

= .conf ez hzE E E                   (36)
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The solution of Eq. (30) reads  

= ( ) ,Y GME G V Y                  (37)

which is called the Lippmann-Schwinger 
equation. Inserting (29) into Eq. (37), with 
regard to (34), we obtain for a chosen state jm

0

( ) ( ) ( ) |
= .jm e e h h

jm
jm

z z ME
Y

Q
    

  (38)

The resonant denominator has the form

,
2= < >jm g conf L jmz

Q E E E


      (39)

2 2

2< > ,
( )e h

i
z z




   
 



with  

* 2

0

2< >= 2 ( )
R

jmR d    
                  (40)

1 1
2 2

0 0

( ) ( ),e h e e h hdz dz z z  
 

, 2 2 2

2= < >
( )

b jm

e h

E
z z





 

* 2

0

= 2 ( )
R

jmR d        (41)

1 1 2 2

2 2 2
0 0

( ) ( ) =,
( )

e h e e h h

e h

dz dz z z
z z

 




 




where Eb,jmα is called the exciton binding energy 
at the state j,m. The eigenvalues Ejm are defi ned in 

Equations (75) and (76), *= / eL a  . Introducing 

a total confi nement energy  

, , , , ,
2= < > ,conf tot jm g conf L jmz

E E E E  
    (42)

we rewrite Eq. (39) to the form

,= ,jm res jmQ E i        (43)

where  

, , , , , ,=res jm conf tot jm b jmE E E                 (44)

is the exciton resonance energy at the state jmα.

With the use of the above quantities we 
obtain the amplitudes Yα, determining the NPL 
polarization by Eq. (6), which has the form 

0

2=
       (45)

2

, , , ,

| ( , , ) | ( ) ( ) ( ) |
.e h jm e e h h

jm res jm jm

M z z z z
E i  

    


 


   

The susceptibility (45) enables one to 
obtain the NPL's optical functions (absorption, 
refl ection, and transmission coeffi cients).

Results of the Specifi c 
Calculations
Experiments Ref. [9]

 We have performed calculations for CdSe 
NPLs having in mind the experimental results 
by Brumberg et al.[ 12], and Achtstein et al. [9] 
and. In this  works two types of measurements 
are performed. In Ref. [9] PL emission of CdSe 
NPLs with fi xed thickness (Lz) and various 
lateral dimensions has been measured. In Ref. 
[12] absorption spectroscopy in pulsed magnetic 
fi elds for three different CdSe NPL thicknesses 
and lateral areas is implemented. We analyze 
the both cases, calculating the size dependent 
exciton states energies, and displaying the 
related emission/absorption line shapes.

The basic ingredients used in the 
calculations are the band-gap data (band-gap 
energy, electron and hole effective masses, 
longitudinal-transverse energy), supplemented 
with the 'in' and 'out' dielectric constants ε1 
and ε2. We follow the estimation of electron and 
hole effective masses, given in Ref. [16]. Other 
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Table  1: Masses, reduced masses, Rydberg energies, Luttinger parameters, and coherence radii, from Ref. [16].
  Parameter  3ML  4ML  5ML 
 L  1  1.33  1.67 

*
ea    0.2567  0.2015  0.1635 

effr
 

 0.3208  0.2519  0.2044 

hzHm
 

 1.1925  0.9754  0.8153 

1SH  
 0.4957  0.4337  0.3879 

hzLm
  0.4149  0.3659  0.3302 

h Lm   
 0.8121  0.6887  0.5963 

zH
  0.2112  0.1670  0.1362 

H  
 0.1948  0.1593  0.1338 

zL
  0.1586  0.1300  0.1094 

L  
 0.2300  0.1844  0.1522 

*
HR  

 73.58  60.20  51.28 

*
LR  

 86.88  69.67  57.49 

1   1.6243  1.8789  2.1062 

2   0.3929  0.4269  0.4488 

*
ea  0.989 1.26 1.55

0H 0.20 0.18 0.17

0L 0.22 0.19 0.18

Table  2:  Binding energies and exciton resonance energies calculated for lateral 5ML disk, thickness = 1.67zL nm , analyzed by 
Achtstein. et al. [9], lengths in nm, masses in free electron mass, energies in meV, the energy gap at 4 K temperature 1840 meV, 
notation: 1: 8.1×3.6, 2: 17×6, 3: 21×7, 4: 29×8, 5: 41×13, 6: 30×15.
   lat. extension 1 2  3  4 5 6

em  0.2044 0.2044 0.2044 0.2044 0.2044 0.2044

*
eR  77.2

*
ea  1.553

effr 3.05 5.7 6.84 8.59 13.13 11.96

 1.96 3.67 4.4 5.53 8.38 7.7

, (1 )conf totE SH 1097.68 1013 1001 993 986.5 979.62

, (2 )conf totE SH 1210.18 793.77 764.27 741.32 723.04 720.11
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, (1 )conf totE PH 839.88 760.84 744.4 729.7 716.55 714.4

, (2 )conf totE PH 831.2 769.94 768.47 768.57 727.29 722.46

, (1 )conf totE SL 1249.68 1165 1153 1145 1138.5 1131.62

, (2 )conf totE SL 1362.18 945.77 916.27 893.32 875 872.11

, (1 )conf totE PL 991.8 912.84 896.4 881.7 868.55 866.4

, (2 )conf totE PL 1346.2 921.94 920.47 920.57 879.29 874.46

| (1 ) |bE SH 391.16 362 359.3 358 357.3 354.88

| (2 ) |bE SH 299.4 104 87.3 75.4 67.7 66

| (1 ) |bE PH 153.9 100.8 91.5 83 75.14 74

| (2 ) |bE PH 100 104.7 102.9 101.14 69.5 59.91

 
(1 )resE SH 2555.11 2491 2481.7 2475 2469.2 2464.7

(2 )resE SH 2750.8 2529.7 2517  2506 2495.3 2494.1

(1 )resE PH 2493 2500 2493 2486.7 2480.4 2481.6

(2 )resE PH 2571.2a 2503.0 2507 2507 2498 2502

(1 )resE SL 2707.11 2643 2633.7 2627 2621.2 2616.7

(2 )resE SL 2902.8 2681.7 2669  2658 2647.3 2646.2

(1 )resE PL 2645 2652 2645 2638.7 2633.5 2632.3

(2 )resE PL 2723.2 2659.4 2659.25 2659.4 2656.6 2655.55

Table  3:  Exciton resonance energies at room temperature, calculated for lateral 5ML disk with the energy gap at room 
temperature (1750 meV [22]), notation: 1:  = 1.67zL nm , 2: 17×6, 3: 21×7, 4: 29×8, 5: 41×13 , 6: 30×5.
   lat. extension 1 2  3  4 5 6

 
(1 )resE SH 2484.6 2401 2391.7 2385 2379.2 2374.7

(2 )resE SH 2660.8 2439.7 2427  2416 2405.3 2404.1

(1 )resE PH 2435.9 2410 2403 2396.7 2390.4 2391.6

(2 )resE PH 2416 2413 2417 2417 2408 2412

(1 )resE SL 2636.6 2553 2543.7 2537 2531.2 2526.7

(2 )resE SL 2812.8 2591.7 2579 2568 2557.3 2556.2

(1 )resE PL 2587.9 2562 2555 2548.7 2543.5 2542.3

(2 )resE PL 2568 2569.4 2569.25 2569.4 2566.6 2565.55
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parameters are collected in Tables 1-4.

We start with the results from Ref. [9], 
where the NPLs of thickness 4.5 ML (we take 
5 ML in calculations) and lateral dimensions 
ranging from 8×3.6 to 30 15, are considered, 
(dimensions in nm). Using Equations (??) and 
(44), we have computed the exciton resonance 
energies and binding energies of heavy-hole 
exciton states 1SH (j = 0, m = 0), 2S (j = 1, m = 
0), and 2PH (j = 0, m = 1). For the hole masses 
we used the data appropriate to the heavy- and 
light hole excitons (α = H, L). The results are 
presented in Table 1. Comparing the theoretical 
and experimental results from Ref. [9] (Table 
5) we observe a very good agreement

In the next step we calculate the NPLs 
absorption spectrum. In the considered NPLs 
widths the typical wavelength of the input 
electromagnetic wave is much larger than 
the NPLs width, so we can use the long wave 
approximation. For further calculations we 
need to defi ne the dipole density function M. 
The transition dipole density M(ρ) should have 
the same symmetry properties as the solution 
of the corresponding Schrödinger equation. 
Since we focuss our attention on S and P states, 
we assume, the dipole density in the form

0, 0( ) = exp( / ) ( ),GS GS GS e hM r M N z z      (46)

for S states (ground state), and

    0/
0, ,    / 2 ,i

ES ES e hz z e e 
   M  r  M

   

(47)

for P (excited states) states, where 0  are the 
so-called coherence radii  

*

0 = ,H
H

g

R
E

 

 

*

0 = ,L
L

g

R
E

 
               (48)

and NGS, NES are normalization constants such 
that, for example, 

0
0

exp( / ) = 1.GSN d   


                (49)

The dipole matrix elements M0,GSα, M0,ESα are 
known in the case of bulk semiconductors, 
and their values are related to the so-called 
Longitudinal-Transversal splitting energy. 
The latter can be measured using the polariton 
dispersion relation. In the 2-dimensional 
systems with lateral confi nement, and for 
normal incidence, we have no polaritons, and 
the dipole matrix elements are unknown. To 
estimate them, we use an expression based on 
the defi nition of the matrix elements between 
the hole and electron states j,j’, adapted for the 
2-dimensional case

2= ( )jmj m e j eM e d          (50)

2 ( )h j h e hd      

with two-dimensional vectors ρe,h. With regard 
to the assumption of the hole located at the NPL 
center we arrive at

2= ( ) .jmj m e j e eM e d           (51)

The results for various lateral extensions 
are displayed in Table 4. The radial damping 
parameters  ( , , )GS ES r  in Table 4 result from 
the fi tting to results of [9], where one reads

= 10.32 = 29 8,ES for S 

= 32.24 = 41 13.for S     (52)

The ground state damping parameters are 
2.43 meV and 4.2 meV for analogous lateral 
areas. The above values can be fi tted by 
expressions

 2= exp 0.0008 0.2692 ,ES ES eff effA r r  

2= exp(0.0084 0.0628 ),GS GS eff effA r r 
   (53)

= 1.102,ESA = 2.2567.GSA

With the above defi nitions we have 
all elements to calculate the mean NPL 
susceptibility, which can be written in the form
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Table  4:  Oscillator strengths and damping parameters for 1S, 2S, and 1P excitons for NPLs with dimensions as in Table 1: 1: 
= 1.67zL nm , 2: 17×6, 3: 21×7, 4: 29×8, 5: 41×13, 6: 30×15, Ks by (56), = 1, ,6s  , dipole matrix elements M in e nm .

   lat. extension 1 2  3  4 5 6

0,GSM 0.5 0.434 0.389 0.322 0.2246 0.241

GSHf 5.735 5.136 5.078 5.044 4.94 5.015

0,ESM 1.63 2.34 2.625 2.88 3.09 3.1

ESHf 0.104 0.16 0.124 0.0967 0.0738 0.0766

GSLf 5.37 4.84 4.78 4.74 4.68 4.73

ESLf 0.17 0.134 0.1 0.074 0.082

 ( , )(4 )GS r K 2.01 2.07 2.018 2.44 4.21 3.54

( , )(273 )GS r K 4.74 4.8 4.748 5.17 6.94 6.27

( , )(4 )ES r K 2.49 4.98 6.69 10.49 32.91 cc24.63

( , )(273 )ES r K 5.25 7.76 9.42 13.3 35.73 27.47

( , )(4 )GS nr K 0.016 0.0165 0.0161 0.02 0.04 0.028

( , )(4 )ES nr K 0.02 0.04 0.053 0.1 0.184 0.14

sHK 0.19 0.9 1.11 1.53 2.82 2.41

sLK 0.19 0.96 1.2 1.59 2.95 2.7

(4 )sH GS ESK K  4.56 9.37 14.98 39.46 391 211

(273 )sH GS ESK K  22.4 33.52 49.51 105.2 700 415

(4 )sL GS ESK K  9.89 16.2 40.7 409 235

(273 )sL GS ESK K  35.76 54 109.3 731.5 465

Table  5:  Sizes and exciton states energies of CdSe NPLs from Ref. [9].

lat. extension/
energies 

1SH 2SH 1PH 2PH 1SL

8.1×3.6 2574.6 2750 2512

17×6 2491 2530 2500 2505 2643

21×7 2482 2517 2493 2505 2634

29×8 2475 2506 2487 2507 2627

30×15 2469 2495 2481 2498 2621

41×13 2464.7 2494 2480 2502 2616.7
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3

0

1 2= ( ) ( ).
NPL

z

d r Y r M r
L

     (54)

The results, for Lz = 1.67 nm, and the lateral 
extensions for NPLs from Ref.[9], are displayed 
in Table 4.

Making use of the Equantions (6), (29),(38), 
(46), (47), and taking into account the relevant 
resonances ,res jE , we obtain the susceptibility 

of the considered CdSe NPL by Equation (45). 
The experiments in Ref. [9] were performed 
for excitation energy in the region of the 1SH 
(Ground State GS) and 1PH (Excited State ES) 
excitonic resonances. Therefore, using Equation 
(45), and with regard to normalization, we 
calculated the absorption(emission) coeffi cient 
by the formulas  

2

2 2
,

=
[ ]

GS
s

res GS i GSE E
 

 
 

2 2
,

,
[ ]

GS ES
s

res ES i ES

K
E E

 


 
               

(55)

where s counts the NPLs (s = 1,…6 for the case 
of Ref. [9]), and 

2
0,
2
0,

= .ES ES
s

GS GS

f M
K

f M
                                                

(56)

The results are displayed in Figures 1-6. 
In Figure 1 we observe an inversion of states: 
the excited state is red shifted compared 
to the ground state. This is an effect which 
can be attributed to the competition of the 
confi nement and the Coulomb attraction. For 
the smallest NPL the radius reff  is smaller than 
the critical radius for the P excitons, it means 
that the confi nement energy prevails over the 
Coulomb energy, which in effect gives the shift 
of resonance towards lower energies. For larger 
NPL extensions the situation is 'normal', it 
means the P exciton (ES) resonance has a larger 
energy than the GS resonance. We observe a fairly 
good agreement with experimental results by 

Achtstein et al. [9]. We also observe a decreasing 
of ES-GS intensity ratios with increasing NPL 
area, as was observed in experiments.

When the excitation energy interval 
increases, higher excited states should be taken 
into account. In particular, we observe the 
appearance light-hole 1SL and 1PL excitonic 
resonances, which have comparable oscillator 
strengths with the 1SH and 1PH excitons. It is 
illustrated in Figures 7-11.

Experiments Ref. [12]

In Ref. [12] absorption spectra at room 
temperature were measured for two 2 sets of 
CdSe NPLs, assorted according either to their 
thickness ('Thickness'), or lateral area ('Lateral 
Area').

 The calculated spectra are shown in Figures 
11 and 12. We obtained a fairly good agreement 
with experimental spectra. The dominating 
resonances are due to 1SH and 1SL excitons, and 
are slightly blue-shifted compared with the 
observed resonance energies. The differences 
can be explained in the following way. The 
above given dimensions were described as 
'representative'. It means that in experiments 
different dimensions could be used, which can 
explain the differences between the theoretical 
and experimentally measured exciton resonance 
energies. Moreover, the effective electron and 
hole masses used through this section were 
calculated for NPL thicknesses 1, 1.33, and 1.67 
nm, whereas in Ref. [12] the thicknesses 0.9, 1.2 
and 1.5 nm were used. This also can be reason 
for the mentioned differences. 

Time dependence

Here we refer to the experiments by 
Achtstein et al., where the transient PL decay and 
evolution of the ES and GS emission with time 
were examined. The NPLs were irradiated by a 
short-pulse signal , with the pulse duration of 
2 ps. We assume, that the pulse has a Gaussian 



Ishaya UG, et al. (2025) J Biomed Res Environ Sci, DOI: https://dx.doi.org/10.37871/jbres2187 13Mohd Sofi an MR (2025) J Biomed Res Environ Sci, DOI: https://dx.doi.org/10.37871/jbres2188 13Czajkowski G (2026) J Biomed Res Environ Sci, DOI: https://dx.doi.org/10.37871/jbres2224

  
TO

PI
C(

S)
: 

Figure 3 The same as Figure 1, for lateral extension 21 × 7.

Figure 4 Lateral extension 29 × 8.

Figure 5 The same as Figure 1, for lateral extension 41 × 13.

Figure 1 Normalized PL emission for lateral extension
8.1 × 3.6 at 4 K.

Figure 2 The same as Figure 1, for lateral extension 17×6.

Figure 6 The same as Figure 1, for lateral extension 30×15.
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Figure 7 Normalized absorption, lateral extension 17×6 at 273 K.

Figure 8 Normalized absorption for lateral extension 21×7at 273 K.

Figure 9 Normalized absorption for lateral extension 29×8 at 273 K.

Figure 10 Normalized absorption for lateral extension 30 × 15 at 
273 K.

Figure 11 Normalized absorption for lateral extension 41×13 at 273 
K.

shape

2

2
1( ) = exp ,

22max
pp

tF t F
 

 
  
 

   (57)

Figure 12 Normalized absorption for the case 'Thickness' at 273 K.

Where τp is the pulse temporal duration. 
Inserting the above pulse shape into Equation 
(1), we separate the excitonic amplitudes Yα into 
two parts, slow and rapid. The processes of 
the excitonic creation are rapid processes, on 
the femtosecond scale. The decline process is 
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proportional to the exciton life time, which is 
of the order of a few ps, i.e. is a slow process. 
Moreover, one has two exciton life times, 
related to radiative (r), and non-radiative 
(nr) declines. For the slow counterpart of the 
excitonic amplitudes we obtain two equations 
(see, for example, [15])

, , = ( ),slow r slow r

irrev

dY Y
F t

dt dt
 

  
 

, , = ( ),slow nr slow nr

irrev

dY Y
F t

dt dt
 

  
 

   (58)

where

, ,
, ,

,

1= .slow r nr
slow r nr

r nrirrev

Y
Y

dt 
 

 
 

                 (59)

The above equations can be solved by means 
of Green's function, satisfying the equation  

d ( , ) 1 ( , ) = ( ),G t u G t u t u
dt




                (60)

with the solution

(1/ )| |( , ) = .
2

t uG t u e   
              (61)

Thus, the solutions of (57,58) have the form  

( ) = ( ) ( , ) .slowY t F u G t u dt





               

(62)

Using the pulse shape (57) we calculate the 
amplitudes Yslow. In the lowest approximation we 
obtain

| |exp .
2slow max

tY F 


   
 

     (63)

Using the expression (63) for radiative- 
and non-radiative decays, we calculate the 
susceptibility and the absorption coeffi cient , 
where the time dependent term has the form

2
0,

, ,

1 1exp | | exp | | ,S GS

GS S r S nr

f M
t B t

 
   

             


  
(64)

where BGS is a certain constant. Quite analogous 
expression holds for the excited state. The same 
equations, with appropriate parameters, hold 
for the H and L excitons. The decline times τr,nr 
follow from the relation

,
,

= .r nr
r nr





                 (65)

The quantities   are given in Table 4. Below 
we give, as example, the formula for emission 
for the NPL with size 29 × 8 (interval).

2

exp( 3.67 | |)6=
exp( 0.003 | |)(2475 ) 6

t
t




  
    

2
40 [exp( 10.94 | |)

(2486.7 ) 110
t


 

    (66)

Figure 13 Normalized absorption for the case 'Lateral area' at 273 K.
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Figure 15 Evolution of the GS emission with time for 2 ps temporal 
bins, platelet size of 30 × 15 nm².

Figure 16 Evolution of GS emission with time for 2 ps temporal bins, 
platelet size 29 × 8 nm².

TABLE 6. Sizes and exciton states energies, transition matrix elements M0SH, oscillator strengths, and damping 
parameters, for disks analyzed by Brumberg et al. [12], lengths in nm, wave length in nm, matrix elements 
M0SH in e × nm, energies in meV, the energy gap at room temperature 1750 meV, damping parameter  from Eq. (53) notation: 1:  
56 × 41; 3ML, 2: 17 × 15; 4ML 3: 30 × 11; 5ML, 4: 17 × 15; 4ML, 5: 30 ×11; 4ML, 6: 56 × 41; 4ML.
Lat. extens. 1 2 3 4 5 6

*
||ea 1 1.26 1.553 1.26 1.26 1.26

effr 27 9 10.25 9 10.25 27

eff 27 7.15 6.6 7.15 8.134 21.455

 1resE SH  2843
437

2540
488.6

2381
521.2

2540
488.6

2537.7
489

2531
490.4

 1resE PH  2870
432

2558.48
484.6

2392.5
518.7

 1resE SL  3201
388

2761
449.5

2533
490

2761
449.5

2758.7
449.8

2752
450.9

0SHM 0.625 0.22 0.19 0.22 0.19 0.625

SHf 4.16 4.77 5.47 4.77 4.6 4.96

SLf 3.72 3.75 4.77 3.75 4.44 4.41

,SH r 4.63 2.53 2.86 2.53 2.86 2.86

exp( 0.05 | |)].t 

It can be seen, that the log-time contributions 
are dominant. The excited state declines faster 
than the ground state. For times t > 60 ps only 
the ground state remains. The emission shape 
for 4 values of time is illustrated in Figure 15.

Making use of the expression (64), we have 
calculated the ES (red) and GS (blue) transients 
for different NPL sizes and the pulse shape (57). 
The results are presented in Figures 16-20. We 
have used the logarithmic scale. We notice the 
changes due to varying NPL sizes.
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Figure 18 Evolution of the GS emission with time for 2 ps temporal 
bins at 4, 35, and 100 K, platelet size 29 × 8 nm².

Figure 17 Evolution of the GS emission with time for 2 ps temporal 
bins, platelet size 21 × 7 nm².

Figure 19 Evolution of the GS emission with time for 2 ps temporal 
bins at 4, 35, and 100 K, platelet size 41 × 13 nm².

Figure 20 Evolution of GS emission with time for 2 ps temporal bins, 
platelet size of 29 × 8 nm².

Figure 21 Evolution of GS emission with time for 2 ps temporal bins, 
platelet size 41 × 13 nm².

The discussion of the optical functions 
time dependence can be enlarged by including 
the temperature dependence. As is known, 
the general tendency is the increase of the 
damping parameters with temperature (see, for 
example,[23]). Since the radiative decline rate 
increases at least linearly with temperature, we 
assumed the formula

2
, 0, ,= 10GS r GS r

   ,   (67)

with analogous expression for the excited state. 
The dependence of the non-radiative decay 
rates on temperature is, to our best knowledge, 
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