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Abstract

Fractional Calculus (FC) has emerged as a valuable tool in various fields. This study
explores the historical development of (FC) and examines prominent definitions regarding
Fractional Derivatives (FD), such as the Riemann-Liouville, Grunwald-Letnikov, Caputo
Fractional Derivative, Katugampula derivatives, Caputo Fractional Derivative, Caputo-Fabrizio
Fractional Derivative and as well as Atangana-Baleanu Fractional Derivative. It critically
evaluates their strengths, weaknesses and implications on (FD) equations. The findings
contribute to establishing a clearer understanding of Fractional Derivatives (FD) and guiding
their appropriate use in practical scenarios. It investigates the impact of different definitions
on the properties and behaviors of (FD), providing valuable insights for researchers.

Introduction
Fractional calculus

The study and application of arbitrary order integrals and derivatives is
the focus of Fractional Calculus (FC), abranch of mathematical analysis [1].
Since the FC, non-integer order notion in calculus, has gained popularity
over the past four to five decades, is having a significant impact on all the
traditional domains of mathematics, physics, chemistry, engineering and
economics [2].

Fractional derivatives

A useful technique for describing memory phenomena is Fractional
Derivative (FD). Although it does not represent any physical process, the
memory function is the kernel function of FD. Ambiguity about the physical
meaning has been a significant barrier keeping FD far behind integer order
calculus. What are the physical meanings of FC? Was proposed as an open
subject in 1974.

By using analogous reasoning, a physical explanation based on
inhomogeneous and changing time scales was presented in 2002;
however, no experiments have been conducted to support the new time
scale. The open issue continues to have no obvious solution yet. It was
discovered that the fractional order can be used to suit the test data for
memory phenomena from many areas [2].

History of fractional derivative

L'Hospital wrote Leibniz a letter in 1695. A crucial query regarding the
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order of the derivative that arose from his message
was, what could a derivative of order 1/2 be? Leibniz's
prescient response predicts the emergence of the area
that is today known as FC. In fact, FC dates the classical
calculus, which was independently developed by
Newton and Leibniz.

Contrary to what happens in the case of FC, the
derivative in classical calculus has an important
geometric interpretation in that it is connected to
the idea of a tangent. The slow development of FC up
to 1900 can be considered as a drawback because of
this difference. Following Leibniz, Euler was the first
to identify the issue with a derivative of non-integer
order [3].

Gamma function

The definition of FD depends solely on the gamma
function. The gamma function discovered by Euler in
1729, which is defined as [4].

I'(z)= J.t“e‘t dt,where %(z)> 0,

Application of fractional derivative

FD has applications in different fields including
control theory, biology and electroanalytical
chemistry, physics and economics.

1.5.1.Control theory: Outstaloup invented the
so-called commande robusted'ordre non entire
controller, which is discussed in a series of his books
on applications of FD in control theory and is the
founder of the concept of employing fractional order
controllers for the control of dynamical systems [5].
In contrast to the proportional integral derivative
controller, Outstaloup showed the commande
robusted'ordre non entire controller's advantage. In
comparison to the traditional proportional integral
derivative controller, the proportional integral
derivative controller performs better when used to
control fractional order systems [6].

In addition to providing some very interesting
concepts for applying FD to control theory, the works
of Bagley and Calico, Matignon, and D'Andrea-Novel
also offer some approaches for researching fractional
order control systems [5]. Recently, boundary controls
for integer order infinite dimensional systems have
been implemented using fractional integrals and
FDs, studied by Montseny, Audounet, Matignon, as
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well as Mbodje and Montseny. The employment of FDs
and fractional integrals in control theory produces
better results than integer order approaches, and it
also serves as a powerful incentive for furthering the
generalization of established research techniques
and the interpretation of findings [4]. A fractional-
order vector space depiction, which is an extension
of the state space notion, is described, together
with initiation response and control techniques for
vector visualizations of established fractional-order
structures [5].

Definitions of fractional derivative

A derivative of arbitrary order is first mentioned
in print in 1819. Less than two pages of the 700-page
work on differential and integral calculus written by
the French mathematician Lacroix were devoted to
this subject.

Beginning with,
y= Xn)
by power rule,

dy ..
a_nx ,

d’y  n! o
dxz_(n—z)!x ’

similarly,

d’y  n!

—Xx"3,

dx>  (n-3)!

forany a<n

dy nl e
dx* (n—a)! ' @)

o is not necessarily an integer but the factorial
function in the denominator cannot exist [7]. In 1730,
Euler defined the gamma function and modified the
Eq. (1), [8]).

D n!
a =— Xn—a.
Vo &n-ar1)

Riemann liouville fractional derivative: The
fractional order 5 Riemann-Liouville derivative
(RLFD) of the function f(t) is given in [4].
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" 1 d" 7 n-y-1
D, f(X)ZA(nfn) dxﬂ!(x—t) f(t)dt.
Grunwald-letnikov fractional derivative: In 1867

Letnikov and Griinwald defined FD of order 5 of [4].
f(t) is given as,

r(n+1) (1) ('J{Jf(x—mh)-

L
f(x)=Ymg Zo 1A(n-j+1)
1.1.2.Caputo fractional derivative: The majority
of RLFD’s shortcomings were overcome by Caputo
in 1967, when he made the most significant
contributions to FC [9].

The Caputo FD (CFED) of order  of f(t) is given as,

D,f(x)= A(nl_ 7) .T(X -t {d;);gt)}dt

a

Katugampola  fractional derivative:  The
Katugampola FD used in [10] can be written as,

Let f(x) be continuous function (0,0),
ne(0,1),p>-1,

and,

vo<a<t.

Then,

D P ()
(xDH+f)( ) A(n 77)[ dxj I(XP tP)’i n+l dt

1.1.4.Caputo fabrizio fractional derivative: Caputo—
Fabrizio introduced a definition in 2015, which have
non-singular kernel which is defined as [11],

Dy (f(t))= M(”)jf T,

where,

f eHl(a,b),b >a,a e[O,l:I,

and M(#n) is a normalization function. However, the
derivative can be redefined as follows if f ¢H* (a,b),

(0} =n (1)) "
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Atangana-baleanu fractional derivative: In 2016,
Atangana-Baleanu introduced Atangana-Baleanu FD
(ABFD). There are two types of ABFD.

Atangana-Baleanu Fractional Derivative in
Caputo sense: The ABFD in Caputo sense is given,

aD[f(t)]= %if' (X)E, {-a (tl__);)a]dx- )

where,

feHl(a,b),a <b,a E[O,l:l.

Naturally, B(«) has the same characteristic as in
the case of Caputo and Fabrizio. The aforementioned
definition is useful for discussing practical issues and
is also very advantageous for applying the Laplace
transform to some physical issues with initial
conditions.

Atangana-Baleanu Fractional Derivative in
Riemann-Liouville sense: The ABFD in RLFD sense
is defined as,

e }Ldij { T );)de, 3)

where,
feHl(a,b),a <b,a E[O,l],

The kernel in Eq. (2) and Eq. (3) is non-local. Also,
in Eq. (2), when the function is constant, we get zero.

where, M(«) > 0 is a normalization function with M(0)
=M(1) =1 [12].

Coimbra fractional derivative: Coimbra FD with
variable order of 5 is given as follows (Moghadam,
2020):

(1(50) -0

A(1-n)

D; f(x,t)= A(11— 3 l(t —oy 5f(an, ) e+

)

where,

0<n<1.

Suppose that f € C> (Q). We will survey the solution
f (x,t) for t = 0. The operator would correspond to the
CFD in the case f (x,0*) = f(x,0") in the Coimbra FD.
As a result, it is presumed that this property when
f(x,t) in t = 0 is good enough. As a result, in place of
Coimbra derivative, the term Caputo derivative can be

Khurshaid A, et al. (2023) J Biomed Res Environ Sci, DOI: https://dx.doi.org/10.37871/jbres1852



@

used with assumption that the attribute is setin t = 0.
Advantages of fractional derivative

There are different advantages of the definitions
of FDs which are discussed in detail.

Advantages of Caputo Fractional Derivative: The
CFD has the following advantages [13]:

It enables the problem formulation to include
traditional initial and boundary conditions

It obeys the property of classical derivative

iconstant =0
dx

Derivative does not vanish at origin
The CFD of constant is 0

Advantages of caputo- fabrizio fractional
derivative: The advantages of Caputo- Fabrizio FD
are listed as:

It has a non-singularity in its kernel

The boundary conditions of the Caputo-
Fabrizio  derivatives  based  fractional
differential equations permit the same form as
the differential equations of integer order

A constant's Caputo-Fabrizio derivative is zero
(14]

Advantages of atangana-baleanu fractional
derivative: The ABFD has the following advantages:

It has non-singular and non-local kernel

It is used as the generalized Mittag-Leffler
function [15]

Disadvantages of fractional derivative
Disadvantages of Lacroix Fractional Derivative

In this section, we discuss the disadvantages of all
the definitions of FDs.

The Lacroix derivative has some drawbacks

dy nl .,
o (nn

This equation is derived by Leibniz and L’Hospital.
This formula fails because the 75 is not necessarily an
integer due to which the factorial function does not
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exist [11].

Disadvantages of euler fractional derivative: The
Euler FD has some drawbacks

n!

ORI

Dy =

is useful but it violates one of the basic property of the
classical derivative.

d

It violates the property of gy (constant)=0

in the case of this formula the differentiation of the
constant function does not exist

This formula is also not applicable to the
exponential function

Disadvantages of the riemann-liouville fractional
derivative: The RLFD has some drawbacks

FD of constant is not zero in RLFD

Not applicable when f(x) is not differentiable
Violates -9 constant -0
dx

Derivative vanish at the origin [13]

Disadvantages of the grunwald-letnikov fractional
derivative: The Grunwald-Letnikov derivative has
some drawbacks

The Grunwald-Letnikov FD is defined only
when limit exist

Disadvantages of the caputo fractional derivative:
The CFD has some drawbacks

To calculate the FD of a function by CFD, we
must first compute its classical derivative,
which imposes stricter requirements on
differentiability and regularity

It is defined only for differentiable functions
(13]

Disadvantages of the caputo—fabrizio fractional
derivative: The Caputo—Fabrizio has some drawbacks

There have been various challenges of the Caputo-
Fabrizio derivative, though.

The Caputo-Fabrizio derivative uses a local
kernel

Instead of fractional integral, the anti-
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derivative of their derivative is the average of
the function and its integral

- We do not recover the starting function when
the fractional order is zero [13].

Disadvantages of the atangana-baleanu fractional
derivative: There are several issues with the ABFD in
the Caputo meaning.

Unless the function vanishes at the origin, we
cannot recover the original function when n = 0 [12]

Conclusion and Future Recommenda-
tions

From the above discussion it is clear that a lot of
research work will be done on fractional derivatives in
the present. It is awide research area that investigated
the impact of different definitions on the properties
and behaviors of fractional derivatives along with the
advantages and disadvantages of each derivative type.
This provides a valuable insight for researchers in the
coming future study [16].
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